Digital redesign method called the Plant-Input-Mapping (PIM) method is used as bases for the design of a digital controller to track a ramp-type reference input without steady-state errors. This is achieved by modifying a lower order part of the numerator in the pre-filter so that the condition for the controller to have zero steady-state error is satisfied. The Euler operator is used so that the arguments made in the continuous-time domain are carried over to the discrete-time domain with ease. Simulation results are presented to show that the proposed modification made to the PIM digital controller is effective. Comparisons with the digital controller designed using the Tustin discretization method are also shown.
Introduction
Design of a digital controller involves, at some stage, discretization in time [1] - [3] . One can discretize an analog controller, which may have already been designed or is yet to be designed. This approach is known as digital redesign. Alternatively, a digital controller may be designed based on a discrete-time plant model obtained by discretizing the continuous-time plant model. This is known as direct digital design. The approach used in this study may be considered as a combination of these two and uses the method called Plant-Input-Mapping (PIM) method [4] , which was originally proposed as a digital redesign method, but was shown later that it can also be used as digital design method [5] . This method guarantees the stability of the digital control system for any non-pathological sampling periods. The key information is the transfer function from the reference input to the plant input, which is called the Plant-Input-Transfer-Function (PITF). When used as a digital redesign method, the continuous-time PITF is obtained from the analog controller and then discretized. When used as a direct digital design method, the discretetime PITF is obtained somehow from the design specifications and other information. Once the PITF is discretized, it becomes a target PITF to be realized under closed-loop feedback. A method used in [4] - [5] is the observer-based controller based on the solution of the Diophantine equation [6] . Numerous simulations and experiments have shown that, while the PIM controller has transient performances that are much closer to the analog controller at large sampling interval than the commonly used Tustin's method, steady-state performances to the reference input and disturbances are not. Therefore, modifications have been proposed in [7] so that the steadystate error in tracking the step-type reference input could be eliminated. The method is applied then to attitude control of a miniature quasi-planar hovering vehicle by discretizing an integral controller and called it the IntegralAction-PIM (IA-PIM) method. This method tracks the step-type reference input without steady-state error and rejects step-type disturbances. An important step is the derivation of the Diophantine equation with a constraint on the zero order term. This equation is possible to solve exactly, under certain conditions. In the present paper, an altitude control system is designed to follow ramp-type reference input, with an intension to design an automatic takeoff-and-landing controller and, in the future, reject ramp-type disturbances. Along the same line with the IA-PIM method, the Diophantine equation with a constraint on the zero and first order terms is investigated and a way to achieve I 2 A-PIM is explored.
Plant-Input-Mapping (PIM) Method

Plant-Input-Transfer-Function (PITF)
For the plant given by the co-prime transfer function of the form () () ()
assume, for the purpose of explaining the standard PlantInput-Mapping (PIM) procedure, that the general analog controller shown in Figure 1 is designed such that the design specifications are satisfied to achieve good performances. The PIM method [4] - [5] yields a discrete-time control system based on the continuous-time PITF, which can be written for the case of Figure 1 as
The characteristic polynomial of the plant appears in the numerator of eq. (2) and will be canceled by the plant denominator when the loop is closed under control. This is called the control zero principle [8] . The same should occur in the discrete-time domain. Using the PITF, the closed-loop transfer-function can be expressed as
Discretization of PITF
The plant model is discretized using the step-invariant model (SIM) so that the combination of the zero-order-hold, continuous-time plant, and the sampler is accurately represented [2] . The SIM is given by
From this point on, the design becomes that of a model matching problem for the target PITF and can be realized, for instance, using the observer-based controller with a three-block structure as shown in Figure 2 . The blocks in this controller can be designed by solving the Diophantine equation [6] , which assures internal stability. While the PIM guarantees stability for any non-pathological sampling periods, it does not generally guarantee to maintain the condition of the internal model principle of the original analog control system. Therefore, a modification was made in [7] so that the steady-state error to the step-type reference input is zero. In essence, this is achieved by constraining the solution to the Diophantine equation. 
Diophantine Equation
The target discrete-time PITF eq. (5) is to be realized using the controller structure shown in Figure 2 , where
and λ is an arbitrary stable polynomial of an appropriate degree, which corresponds to the observer polynomial [6] .
Other polynomials are to be determined in an appropriate manner so that the PITF of this controller, given by
matches the target PITF of eq. (6). This can be achieved by satisfying the following conditions:
The last equation in the above is a Diophantine equation, which can be solved for α and β, knowing the SIM of the plant, if the following order condition is met:
where ∂ denotes the order of its argument polynomial. The Diophantine equation can still be solved when this condition is not satisfied, by multiplying both the denominator and the numerator of the target PITF by the stable polynomial λ [5] .
Internal Model Principle
When the PIM controller is designed, blocks A and B are not identical in general and the output error e to the reference input ( )
Substituting eqs. (4) and (7) into eq. (11), one obtains
where
When the denominator ( ) ( ) ( ) ( ) d n
of E is designed to be stable, all non-stable part of ()  must be cancelled by the numerator of E so that the error e approaches zero as time elapses. That is, the numerator of E must be divisible by the denominator of the transform of the reference input. This is the internal model principle for the discrete-time system having the structure of Figure 2 . This can be verified using the discrete-time final value theorem in the Euler operator form, which is given by
This form becomes identical to the continuous-time version of the Laplace transform as T approaches zero [3] . Thus, the arguments made to the Laplace-based continuous-time case can be applied almost directly to the discrete-time case in Euler form.
The internal model principle is satisfied when αd contains γ and μ=β. For the polynomial-type reference-input () q     , the condition μ=β is reduced to matching of the first p coefficient in the polynomial μ with those of β of the corresponding degree and pq  ; that is, the condition eq.
(13) turns into the following:
(0) 0 and pq
To be more explicit, let the polynomials be written as
with appropriate degrees. Then the conditions (15) -(16) requires
to hold, or for 0,1, , 1
3. Ramp-Tracking PIM
IA-PIM Digital Redesign
Using the standard PIM method [5] , the resulting controller is such that μ0 ≠ β0 in general and the internal principle is not satisfied. To make the output response track the steptype reference input without steady-state error, the IA-PIM method [7] solves eq. (9) for α and β such that μ0 = β0 is automatically satisfied, by constraining one of the parameters in α. To compensate for the reduction of one parameter in α, one is increased in β, which changes the order condition for solving the Diophantine equation from eq. (10) to
As before, this condition can be alleviated using the observer polynomial λ.
PIM Controller with Pre-Filter Adjustment
For the ramp-type reference input with q = 2, the standard PIM method does not achieve zero steady-state-error tracking, nor does the IA-PIM. In the rest of the paper, the reference input is restricted to those containing upto the second order polynomial component, such as the ramp signal 
That is, for tracking the ramp-type reference input without steady-state error, the coefficients of the constant and firstorder terms in the pre-filter A of the PIM controller should be adjusted. With this modification, the proposed method becomes basically a semi-direct digital design, where only the numerator of the actual PITF is changed to take the steady-state performance into account. Therefore, the stability guarantee of the PIM method still remains intact for any non-pathological sampling period [4] . The difference between the actual and the target PITFs exists in the low frequency range for the ramp-type reference input and its effects can be checked via simulations. The order of the PITF in the proposed method increases by two, while that in IA-PIM is one, compared with the standard PIM. The order condition to solve the Diophantine equation becomes
and the resulting polynomials in eq. (7) will increase accordingly.
Simulations
Digital controllers are designed and simulated to confirm the designs.
Altitude Control of a Miniature Airborne Vehicle
A model used for the simulations is a miniature airborne vehicle, whose altitude is controlled by modifying the thrust generated by releasing compressed air through a nozzle. Its transfer-function is given [10] 
When the parameters are chosen to be a=5 and b=1, the closed-loop bandwidth becomes around 0.4Hz. The reference input is chosen to be a ramp signal starting from 0cm at 2 seconds with the slope of 2cm/s and lasts for 12 seconds, after which the constant altitude is maintained at 25 cm. Since the plant is of type-2 system and ( ) ( ) 1
A s B s
  , there will be no steady-state error for the ramp-type reference inputs using the phase-lead controller given by eq. (25).
Since the bandwidth of the closed-loop system is around 0.4Hz, the Nyquist frequency is 0.8Hz. Taking 10 times this frequency, the sampling frequency of 8Hz is usually required for discretized controllers to work in a satisfactory manner. Mapping models are popular method for this purpose and are ones where the Laplace operator s is replaced with a discrete-time equivalent as follows [3] :
When ν is chosen as ν=1/2, Tustin's controller is obtained, which is the most popular method and used later for comparisons. The forward difference model corresponds to choosing ν=0, while the backward difference mode to ν=1.
Ramp-Tracking Control
The proposed digital controllers are designed by calculating the continuous-time PITF using eqs. (24) and (25) with a=5 and b=1, then discretizing it using the matched-pole-zero method eq. (6), and solving the Diophantine equation (9) with the parameter modification eq. (22). This is a PIM method with modification made to the numerator of the pre-filter, and will be called the I 2 A-PIM method.
The PIM controller blocks are shown in Tables 1 and 2 for T=0.2s and T=0.8s, respectively. It can be seen that the coefficients of the constant term in the numerator of A are identical to those of the numerator in B so that μ0 =β0. It can also be seen that μ1≠β1 using the standard PIM in general. Tables 3 and 4 
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Simulations
Simulink simulations have been conducted. Figure 3 shows the reference input and the altitude response of the analog on the top. It also shows the response of the Tustin and the proposed controllers for T=0.2s. It shows that the analog controller tracks the reference input well and both Tustin's and the proposed methods yield indistinguishable tracking performance. The plant inputs generated by the analog, Tustin's, and the proposed controller are plotted at the bottom of Figure 3 . It shows that, while the three outputs are almost identical, the input generated by the Tustin controller has visibly larger amplitude. Figure 4 shows the same plots for T=0.8s. It can be seen that the proposed digital controller gives no steady-state error, although it takes longer to reach that stage than in the T=0.2s case. Tustin's controller is on the verge of divergence and does not reach a constant steady-state. The plot on the top in Figure 5 compares the tracking errors before and after the adjustment in the numerator of block A. Before the adjustment, the error does not go to zero for the ramp portion of the reference input but goes to zero for the step portion. After the adjustment, the error goes to zero for both the ramp and the step portions.
The plot on the bottom of Figure 5 shows the magnitude of the difference in the plant input. It show that only a slight change in the thrust is required to achieve zero tracking error. Figure 6 shows the same plots for the sampling period of T=0.8 seconds. The effects of the proposed adjustment are more prominent for this case; the ramp tracking error is much larger without the adjustment, while the required change in the input to achieve this is still rather small. Figure 6 . Effects of adjusting coefficient μ1 (T=0.8s).
Parabola-Tracking PIM
The technique presented in the preceding sections can be used to reference inputs in the higher order polynomials. Although stabilization requires higher order controller blocks in general, the steady-state errors can be zeroed for such reference inputs. Without details, some simulation results are presented below. Figure 7 shows that the Tustin controller seems to track the accelerating reference input, but is actually oscillatory for constant reference inputs. Figure 8 shows the performance of the ramp-tracking PIM controller designed in Section 4. The output follows the reference signal with a delay during the acceleration period, while the steady-state error becomes zero for a constant input, after an overshoot. Figure 9 is for the parabolictracking PIM controller, whose order is higher than the ramp-tracking PIM controller. However, the tracking error in the acceleration stage goes to zero, after which the output approaches a constant reference input with a larger overshoot and an undershoot than the ramp-tracking case 
Conclusion
For a PIM type digital controller design, an adjustment was proposed for achieving zero steady-state error in tracking a polynomial-type reference input containing up to a second degree. This adjustment came as a result of imposing the internal model principle to the PIM digital controller design. The adjustment is made to the numerator of the prefilter and the stability guarantee of the PIM method remains valid. The method was applied to the model of a miniature airborne vehicle whose altitude was controlled by the thrust generated by air-jets. Simulations were carried out to show that the performance of the proposed method remained satisfactory for a larger sampling period than the popular Tustin method. In particular, the proposed method remained stable for any sampling period, while the Tustin's became unstable around T=0.8s.
